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Cosmological inflation remains to be a unique mechanism of generation of plausible 
initial conditions in the early universe. In particular, it generates the primordial 
quasiclassical perturbations with power spectrum determined by the fundamental 
principles of quantum field theory. In this work, we pay attention to the fact that 
the quasiclassical perturbations permanently generated at early stages of inflation 
break homogeneity and isotropy of the cosmological background. The evolution of 
the small-scale quantum vacuum modes on this inhomogeneous background results in 
statistical anisotropy of the primordial power spectrum, which can manifest itself in 
the observable large-scale structure and cosmic microwave background. The effect is 
predicted to have almost scale-invariant form dominated by a quadrupole and may 
serve as a non-trivial test of the inflationary scenario. Theoretical expectation of 
the magnitude of this statistical anisotropy depends on the assumptions about the 
physics in the trans-Planckian region of wavenumbers. 
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Cosmological inflation remains to be the only realistic scenario that addresses several of 
the long-standing puzzles of the standard cosmology and also explains the origin of primor- 
dial density perturbations [1]. The predictions of the inflationary theory — most notably, 
the spatial flatness of the universe and adiabatic primordial perturbations with almost scale- 
invariant spectrum — are surprisingly well verified by modern observations of the large-scale 
structure (LSS) and cosmic microwave background (CMB). In view of this success, it is rather 
important and intriguing to be able to test this scenario further. 

The role of quantum fluctuations on the inflationary stage was revealed in several aspects. 
Primordial perturbations for the formation of the observable structure are generated at the 
late stages of inflation (the last 60 or so e- foldings). However, depending on a concrete 
realization, the inflationary stage can be rather long, in principle, starting right from the 
Planck energy density. The total number of inflationary e-foldings can be enormous, with 
typical values ~ 10 12 in the scenario of chaotic inflation. It is clear that generation of super- 
Hubble scalar and tensor perturbations with quasiclassical features cannot be considered 
as specific to the last stage of inflation, but that this process should occur all along the 
inflationary history. This observation is the basis for the theory of the self-regenerating 
eternal inflationary universe (see According to this picture, we are living today in a 
relatively small domain in which inflation has ended some thirteen billion years ago, while 
the universe as a whole is very inhomogeneous, with its remote parts still experiencing 
inflation. 

A question arises whether it is possible to verify this picture of the universe. Obviously, a 
positive answer to this question would imply the existence of information in our observable 
realm about the structure of the universe on extremely large scales. At first sight, this 
possibility is excluded. Indeed, photons or neutrino cannot carry such an information: they 
simply do not exist at the inflationary stage. The primordial gravitational waves could, in 
principle, be a good candidate, but they remain to be undetected. 

In our work 0, Q|, we proposed an idea that the large-scale distribution of galaxies and 
clusters can contain specific information about the inflationary epoch. According to the infla- 
tionary scenario, before becoming the observable large-scale structure, the inhomogeneities 
on the specified comoving spatial scales at the inflationary stage existed in the form of quan- 
tum fluctuations. Propagating with the speed close to the speed of light, they passed over 
enormous comoving distances and thus potentially can carry information about the inhomo- 
geneity of the inflationary universe. This bears some similarity with the Sachs-Wolfe effect 
|4|, in which the large-scale inhomogeneity of the universe at a later cosmological epoch is 
responsible for the locally observed anisotropy in the temperature of the cosmic microwave 
background radiation. 

Technically, the idea is to take into account the long-wave (super-Hubble) quasiclassical 



3 



inhomogeneity of the inflationary universe into account when considering the evolution of 
small-scale (sub-Hubble) quantum fluctuations. The background inhomogeneities generated 
during inflation are of two types: the scalar ones, described by the relativistic potential $, 
and the tensor ones, described by the transverse traceless metric perturbations hij, so that 
the background metric during inflation can be written as 

ds 2 = a 2 (r]) [(1 + 2$ B ) dif - (1 - 2$ B ) dx 2 + hfjdx^] , (1) 

where $b and are the background parts of perturbations, on scales exceeding the Hubble 
scales during inflation. These (large-scale) perturbations can be considered as quasiclassical 
parts of the corresponding fields [lj. The idea is then to study the behavior of the small-scale 
modes that determine the vacuum state on the background of (CQ). On small scales, one can 
neglect the effects of self-gravity, and the problem reduces to solving the wave equation for 
the perturbations Sip of the inflaton field ip (which we take to be a free field with mass m y ): 

D B 5ip + m^ip = , (2) 

where Ob is the wave operator for the background metric ([T]). 

The presence of the background inhomogeneities $b and hfj leads to the appearance 
of additional phases in the modes Sip^ and $k) which "distort" their spatial form from 
the original plane waves oc e lkx . As a result, the primordial power spectrum of scalar 
perturbations acquires statistical anisotropy of quite specific form. Namely, calcu 
the correlation function of the relativistic potential $ at the end of inflation gives 

j^P k (1 + nO e ik ^ , (3) 

where Pk describes the standard isotropic power spectrum, and z/k is a new anisotropic 
correction, which turns out to be almost scale- invariant. Specifically, its multipole expansion 
is given by 

»u = (n s - 1) [Kj rtn* + A ijH n i n j n k n l + ...], (4) 

where ns{k) is the spectral index of scalar perturbations (which is known to be close to 
unity), and the quantities A... (A;) are effectively traceless and depend on k very weakly. 
Moreover, expression (j3J) is essentially dominated by the first term, with quadrupole depen- 
dence on the unit vector n l = k l /k. 

The expected magnitude of the anisotropic part (j3j) is given by the cosmic variance 

H) - (ns - ^^'J^ - 2 x 10- 3 G 3 (Vnp 2 - V k <pl) , (5) 

where the index u k" in the homogeneous quantities refers to the moment of the Hubble- 
radius crossing by the wave with comoving wavenumber k. Expression (jSJ) crucially depends 
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on the moment of time where one sets the initial (vacuum) conditions for the quantum 
fluctuations of interest at the inflationary state (this is denoted by the index "i"). The 
earlier this moment is, the larger is the number of inhomogeneous quasiclassical modes that 
have affected the evolution of the small-scale quantum fluctuations, hence, the larger is the 
expected statistical anisotropy. 



The result (jSJ) gives rise to an important issue that was first discussed in [2| and then 



elaborated in [3[. It is observed that the physical wave number or frequency of a particular 



quantum mode in the cosmological frame exceeds the Planck value Mp ~ G -1 / 2 during 
most part of the inflationary universe. A natural question arises, whether it is legitimate to 
use the standard field theory in cosmology on spatial scales below the Planck length. If the 
trans-Planckian issue can be safely ignored, then the statistical anisotropy can be significant, 
with the dominant term A^- in (j3J) being up to the order of unity (this is where our linear 
approximation in hfj breaks down). In this case, we get ~ 2 x 10~ 3 . If, however, one is 
allowed to specify locally homogeneous and isotropic initial conditions for quantum modes 
only after the Planck-radius crossing, then the resulting statistical anisotropy is rather small, 



There are several arguments in favor of the possibility of working in the trans-Planckian 
frequency region. First of all, one can note that the wavelength and frequency of a particular 
mode are not Lorentz-invariant quantities. Thus, the authors of [5] argue that nothing 
dangerous results from this procedure in a locally Lorentz-invariant theory as long as the 
invariant k^k^ <C Mp. Similar arguments in cosmological context are given in |6j, and 
the authors of [7] consider the trans-Planckian effects in quantum gravity and argue in 
favor of the asymptotic safety in this region. One can also note that quite a similar trans- 
Planckian problem arises in the theory of quantum radiation from a black hole which is 
formed as a result of gravitational collapse (see |8| for a review). While the prediction of 
quantum radiation of black holes hardly can be tested experimentally for black holes with 
realistic masses, we have a different situation in the case of the cosmological prediction under 
consideration in this paper, which, in principle, can be verified by observations. In what 
follows, we discuss such testable predictions. 

Statistical anisotropy of the power spectrum of primordial scalar perturbations will be 
manifest in the LSS and CMB. The anisotropic factor is inherited in the power spectrum 
of the density contrast 5 = Sp/p. The corresponding correlation function is then the sum of 
isotropic and anisotropic parts: 



in which usual infrared and ultraviolet cut-offs are implied in the integration over wave 
vectors. 




K) ~ io- 14 . 




5 



The anisotropic quantity is dominated by the first term in (j4j) . In view of the fact that 
the product (715 — 1) Ay depends very weakly on the wave number k, one can treat it as a 
constant and take out of the integral in ([6]) . Since the matrix Ay is traceless, one gets the 
following expression: 

fc(x)«(n*-l)A*/(s)^, f(x) = Co(x) + ±J dkkX kXC ° Sk ^ x ~ ShlkX ■ (7) 

The specific form (j7]) of the anisotropic part of the correlation function, in principle, can 
be tested by observations. Measurement of the quadrupole of the power spectrum can simply 
be done by comparing the amplitudes of Fourier modes in different directions. The standard 
error to the quadrupole coefficients = (n s — 1) Ay using the SDSS data is estimated in 
to be a q ~ HT 2 . 

Statistical anisotropy of the primordial power spectrum in the form ([3]), fllD belongs to 
the category that was recently studied in detail in [9|. It is given by the general formula 



Pv — Ph 



1 + ^29LM{k)Y LM (n) 



LM 



(8) 



where is the isotropic part of the anisotropic power spectrum Py_, and <7lm(^) are the 
coefficients of the expansion of the statistical anisotropy into spherical harmonics Y^M(n), 
where n = k/fc. In our case, the sum in (jSJ) is dominated by harmonics with L = 2, with 
coefficients g^M ~ { n s — 1) Ay that depend on k very weakly. 

As usual, one can expand the CMB temperature map T(n), depending on a direction on 
the sky n, into spherical harmonics and calculate the covariance matrix: 

T(n) = T ai m Yi m (h) , (fl lm «w) = 8u>6 mm >Ci + ^ iimi'm'^iv^ > ( 9 ) 



with 



Zm LM 



Q = - I dkk 2 P k em , = / dn^(n)r, m ,(n)r LM (n) , ( 10) 
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p>\f = 1 ; / ^fc 2 p^ LM (fc)e / (fc)e,(A;) . (11) 

Here, 0;(/c) is the kernel of the linear relation between T(n) and 5^ describing the contribu- 
tion to the Zth temperature moment from the wave vector k [with these conventions, Qi(k) 
is a real function]. 

The quantities are the generalization of the coefficients G\ to the case of statistical 
anisotropy. In the case where the functions gLM{k) can be treated as constants, there 
arises the relation D^ 1 = gLuWiv with Wu> depending only on the isotropic cosmology 
(in particular, Wu = Ci). Thus, the combinations Djj!^ /Ww can be regarded as convenient 
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estimators for the coefficients g LM in this case. The estimators for D%, were constructed 
in [2! and essentially coincide with the bipolar-spherical-harmonic coefficients of [loj]. For 
the case L = 2 of interest for our work, it is shown in (pj that the variances with which 
the quantities q^m can be measured using the temperature maps of WM AP and Planck are 
a g ~ 1.2 x 10~ 2 and 3.8 x 10 -3 , respectively. This is comparable to the highest theoretical 
estimates that we get within the limits of our approximation, linear in the background 
inhomogeneity of the inflationary universe. In a complete nonlinear calculation, therefore, 
the resulting statistical anisotropy may well exceed the current threshold of its detection. 

In conclusion, we note that our work represents a theoretical contribution to the issue 
of the possible origin of statistical anisotropy in the universe. The predictions made in this 
paper have an advantage of being based on the usual theory of chaotic inflation without any 
additional physical ingredients. Observation of statistical anisotropy in the scale-invariant 
form (J3J) may thus be regarded as a nontrivial confirmation of the chaotic inflation scenario; 
this is the only possible test of chaotic inflation that we are aware of. On the other hand, since 
the magnitude of the statistical anisotropy depends on both the details of the inflationary 
scenario and the physical assumptions about the trans-Planckian region, its nondetection 
by itself will not invalidate any of the existing models of inflation. 

ACKNOWLEDGMENTS 

This contribution, as well as participation of the author in the Grassmannian Conference 
in Fundamental Cosmology in Szczecin, Poland, was supported by the Josef Mianowski 
Fund and Foundation for Polish Science. The work was also supported in part by the 
"Cosmomicrophysics" programme and Program of Fundamental Research of the Physics 
and Astronomy Division of the National Academy of Sciences of Ukraine, and by the State 
Foundation for Fundamental Research of Ukraine under grant F28. 2/083. 



[1] A. D. Linde, Particle Physics and Inflationary Cosmology (Harwood, Chur, Switzerland, 1990). 
[2] G. V. Chibisov and Yu.V. Shtanov, Zh. Eksp. Teor. Fiz. 96, 32 (1989) [Sov. Phys. JETP 69, 

17 (1989)]; Int. J. Mod. Phys. A 5, 2625 (1990). 
[3] Yu. Shtanov and H. Pyatkovska, Phys. Rev. D 80, 023521 (2009), larXiv:0904.i887l 
[4] R.K. Sachs and A.M. Wolfe, Astrophys. J. 147, 73 (1967). 

[5] E. W. Kolb, A. A. Starobinsky, and I.I. Tkachev, J. Cosmol. Astropart. Phys. 07, 005 (2007), 
arXiv:hep-th/0702143"| 



7 



[6] P. M. Vaudrevange and L. Kofman, Trans-Planckian Issue in the Milne Universe, 
larXiv:0706.09801 

[7] C. Appignani and R. Casadio, J. Cosmol. Astropart. Phys. 06, 014 f2008). larX"iv:071 1.20191 



[8] T. Jacobson, Phys. Rev. D 48, 728 (1993), |arXiv:hep-t h/9303103 Prog. Theor. Phys. Suppl. 

136, (1999), [a7xTv:hep-th/0001085| 
[9] A.R. Pullen and M. Kamionkowski, Phys. Rev. D 76, 103529 (2007), arXiv: 0709 .11441 
[10] A. Hajian and T. Souradeep, Astrophys. J. 597, L5 (2003), |arXiv:astro-ph/030800l| The 

Cosmic Microwave Background Bipolar Power Spectrum: Basic Formalism and Applications, 



arXiv:astro-ph/0501001; S. Basak, A. Hajian, and T. Souradeep, Phys. Rev. D 74, 021301(R) 



(2006), arXiv:astro-ph/0603406; T. Souradeep, A. Hajian, and S. Basak, New Astron. Rev. 



50, 889 (2006), arXiv:astro-ph/0607577, 



